Abstract-In recent years, trafflc congestion in transportation networks has grown rapidly a n d has become a n acute problem. T h e impetus for studying this problem has been further strengthened due t o the fast growing field of Intelligent Vehicle Highway Systems (IVHS). Therefore, i t is critical t o investigate a n d understand the nature of traffic congestion a n d address questions of the type: how are traffic patterns formed? a n d how can traffic congestion be alleviated? Understanding drivers' travel times is key behind this problem. In this paper, we present macroscopic models for determining analytical forms for travel times. We take a fluid dynamics approach by noticing t h a t trafflc macroscopically behaves like a fluid. O u r contributions in this work are the following: (i) We propose two second-order non-separable macroscopic models for analytically estimating travel time functions : the Polynomial Travel Time (
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Abstract-In recent years, trafflc congestion in transportation networks has grown rapidly a n d has become a n acute problem. T h e impetus for studying this problem has been further strengthened due t o the fast growing field of Intelligent Vehicle Highway Systems (IVHS). Therefore, i t is critical t o investigate a n d understand the nature of traffic congestion a n d address questions of the type: how are traffic patterns formed? a n d how can traffic congestion be alleviated? Understanding drivers' travel times is key behind this problem. In this paper, we present macroscopic models for determining analytical forms for travel times. We take a fluid dynamics approach by noticing t h a t trafflc macroscopically behaves like a fluid. O u r contributions in this work are the following: (i) We propose two second-order non-separable macroscopic models for analytically estimating travel time functions : the Polynomial Travel Time ( P T T ) Model and t h e Exponential Travel T i m e ( E T T ) Model. These models generalize t h e models proposed by Kachani and Perakis [3] as they incorporate second-order effects such as reaction of drivers t o upstream a n d downstream congestion as well as second-order link interaction effects. (ii) Based on piecewise linear a n d piecewise quadratic approximations of t h e departure flow rates, we propose different classes of travel time functions for the first-order separable PTT and E T T models, and present the relationship between these functions. (iii) We show how t h e analysis of t h e first-order separable PTT Model extends t o t h e second-order model with non-separable velocity functions for acyclic networks. (iv) Finally, we analyze the second-order separable E T T model where t h e queue propagation t e r m -corresponding t o the reaction of drivers t o upstream congestion or decongestion-is not neglected. W e are able t o reduce t h e analysis t o a Burgers equation and t h e n t o the more tractable heat equation. T queucs forin and disappear, the spillback and the shock wave phenomena, are striking evidence that traffic flows are similar to gas and water flows. It is therefore natural to use physical laws of fluid dynamics for compressible flow to model traffic flow patterns.
In 1055, Lightliill and Whitham [I] , and in 1956, Richards [15] introduced the first continuum approximations of traffic flows using kinematic wave theory. A variety of dynamic traffic flow models have been proposed in the literature that can be classified in two major categories:
MIT, CaniGridge, MA 02139 microscopic and macroscopic models.
Microscopic models, or car-following models, have the ability to describe, at a level of detail, the network geometry, the traffic flow and its kinematics and the traffic control logic. Such models enable simulated tests of traffic flow control strategies, and help design safety procedures by better understanding the driver's behavior. In 1950, Reuschell [14] [GI proposed an exponential travel time function for all-waystop intersections. Our goal is to lay the theoretical foundations for using these polynomial and exponential families of travel time functions in practice. While most analytical models in traffic modeling assume an a priori knowledge of a driver's travel time functions, in this paper, travel time is part of the model and comes as an output.
To determine travel times, we examine and further extend the analytical model proposed by Perakis [ll] . This model provides a macroscopic fluid dynamics approach to the dynamic network equilibrium problem. We also extend the analysis performed by Kachani and Perakis 131 to account for second-order effects such as reaction of drivers to upstream and downstream congestion, drivers' reaction time, as well as to account for second-order Iink interaction effects. 
NOTATIONS

A. Notation
The physical traffic network is represented by a directed network G = ( N , I ) , where N is the set of nodes and I is the set of directed links. Index 20 denotes an OriginDestination (0-D) in the set W of origin destination pairs.
Index P denotes the set of paths and index P, denotes the set of paths between 0 -D w. 
Therefore, the free flow speed is the maximum speed:
G(0) = umas, and at maximum density, the speed is zero:
,- (,,a,) = 0.
GENERAL MODELS FOR TRAVEL TIME FUNCTIONS
In Subsection A, we propose a second-order nonseparable model (Model 1) for travel time functions that incorporates the drivers' reactions to upstream congestion or decongestion as well as link interaction. This model generalizes the first-order model proposed by Perakis [ll] . In Subsection B, we propose two simplified versions of the general model: the Polynomial Travel Time (PTT) Model and the Exponential Travel Time (ETT) Model. The analysis of these two models is the focus of the following sections. cars in a road with no exits.
and Whitham [4] introduced these laws. 
+
The term --e is borrowed from heat transfer and accounts for the drivers' awareness of upstream and downstream conditions. The heat transfer term Aj(zi) is a positive term expressed in squared miles per unit of time.
The propagation term %$ expresses the variation in the speed induced by a variation in the density. For instance, when a queue is expanding on link i, the term -a$ is negative and hence the velocity function uj(zi, t ) decreases.
Model 1 can be formulated as follows:
, p E P , and i E I , we have: 
B. Two Simplified Second-Order Separable Models for
Our goal in this subsection is to solve Model 1 and propose specific travel time functions. To achieve this, the first step is to eliminate some of the variables involved in the model. We eliminate the density variables by expressing them as functions of the flow rates. This leads to proposing two simplified versions of Model 1. \$' e impose the following assumptions:
A4
The link flow rate fi (0,t + ~i ) can be approximated through a continuously differentiable function h f (~i ) of ~i .
Travel Time Functions
--ti::;!)
where bj is a constant.
Lemma 1: Under Assumption (Al), the link density as a function of the link flow rate function and the queue propagation term can be expressed as:
, combining the speed-density and the flow-speed-density relationships, we
By solving in terms of ki for stable flows, we obtain the result of the lemma. Q.E.D.
B.l The Polynomial Travel Time (PTT) Model
In this subsection, we consider an approximation of equation (9). This approximation enables us to describe the conservation law of cars (6) 
B.2 The Exponential Travel Time (ETT) Model
In this subsection, we use a different approach. We first eliminate the density variables through equation (9) proof: Under Assumption (AI), equation (9) 
( 1 5 ) k .
ETT Model in the following sections. Our purpose is to reduce the analysis of the SecondOrder ETT Model to the analysis of a known problem in fluid dynamics. This reduction will be achieved in two steps. The first reduction consists of transforming the bottleneck operation of the model to a Burgers equation. In fluid dynamics, Burgers equations are considered to be the simplest equations combining both nonlinear propagation effects and diffusive effects. The second reduction consists of a standard reduction of a Burgers' equation to a heat equation.
Equation (20) is a second-order partial differential equation in the link flow rate f i . Solving this PDE is the bottleneck oneration in the solution of this model. The followine: 
The following theorem provides an existence result for a continuously differentiable solution of the ETT Model as formulated above.
Theorem 7 The relationship between these two families of travel time functions will become clear after the following observation.
Equations (22) 
ki=*+&j We consider the case of linear density correlation functions.
That is, for every link j E B(i), cyij(zi) = aij + bijzi. In addition to the acyclicity assumption we impose on the network, me further assume that the influence of neighboring links has only a first order effect. For every integer n, let Bj,, = nCjt-s(j) bijkj and yiVL = 1~; "~~~
+ nCjt.B(i,
The following result provides a linear ordinary differential equation satisfied by link travel time functions T i for the case of linear density correlation functions. 
VI. CONCLUSIONS
Continuing this work, we intend to extend our results to the case of non-separable velocity functions as they apply to non-acyclic networks. We intend to examine other fluid dynamics models. For example, we can consider a different model for relating speed and density. Moreover, we plan to investigate alternate approaches including queuing models. We wish to connect these models with the dynamic userequilibrium problem. We plan to investigate the solution to this problem and propose algorithms for computing the solution to our models. We also intend to perform a numerical study for realistic networks using the models and the analysis that we already performed in order to show how a numerical solution approach compares to an analytical one.
